VALUE DISTRIBUTION OF THE HYPERBOLIC GAUSS MAPS 
FOR FLAT FRONTS IN HYPERBOLIC THREE-SPACE 



YU KAWAKAMI 

Abstract. We give an effective estimate for the totally ramified value number 
of the hyperbolic Gauss maps of complete flat fronts in the hyperbolic three- 
space. As a corollary, we give the upper bound for the number of exceptional 
values of them in some topological cases. Moreover, we obtain some new 
examples for this class. 



Introduction 

The study of fiat surfaces in the hyperbolic 3-space H 3 has made significant ad- 
vances in the last decade. Indeed, Galvez, Martinez and Milan jGMMj established 
a Weierstrass-type representation formula for such surfaces. Moreover, Kokubu, 
Umehara and Yamada ( |KUY1| . [KUY2] ) investigated global properties of flat sur- 
faces in T-L 3 with certain kinds of singularities, called flat fronts (for a precise defini- 
tion, see Section 1 of this paper). In particular, they gave a representation formula 
for constructing a flat front from a given pair of hyperbolic Gauss maps and an 
Osserman-type inequality for complete (in the sense of |KUY2] . see also Section 
1 of this paper) flat fronts. More recently, Kokubu, Rossman, Saji, Umehara and 
Yamada [KRSUY] gave criteria for a singular point on a flat front in H 3 be a cus- 
pidal edge or swallowtail and proved the generically flat fronts in Ti 3 admit only 
cuspidal edges and swallowtails. Moreover, Roitman |Roj and Kokubu, Rossman, 
Umehara and Yamada KRUY1 \ obtained interesting results on flat surfaces or (p- 
)fronts in % 3 and their caustics. Furthermore, Kokubu, Rossman, Umehara and 
Yamada [KRUY2] also investigate the asymptotic behavior of ends of flat fronts in 
TL 3 . However, up to now, we have not seen a study of the value distribution of t he 
hyperbolic Gauss maps for complete flat fronts in TL 3 . 

On the other hand, we have recently obtained some results on the value distri- 
bution of the Gauss map of complete minimal surfaces in Euclidean 3-space M 3 and 
the hyperbolic Gauss map of complete constant mean curvature one (CMC-1, for 
short) surfaces in Ti. 3 . For instance, we jKalj found algebraic minimal surfaces in R 3 
with totally ramified value number of the Gauss map equaling 2.5 (By an algebraic 
minimal surface, we mean a complete minimal surface with finite total curvature). 
Moreover, the author, Kobayashi and Miyaoka |KKM| gave an effective estimate 
for the number of exceptional values and the totally ramified value number of the 
Gauss map of a wider class of complete minimal surfaces that includes algebraic 
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minimal surfaces (this class is called "pseudo-algebraic"). In [KKM , wc also pro- 
vided new proofs of the Fujimoto |Fuj and Osscrman theorems ( |Oslj . [Os2| ) for 
this class and revealed the geometric meaning behind them. Furthermore, we |Ka3j 
gave the definition of "pseudo-algebraic" and "algebraic" CMC-1 surfaces in H 3 , 
and also such an estimate for the hyperbolic Gauss map of these surfaces. These 
estimates correspond to the defect relation in Nevanlinna theory ( |JR| . |Koj . [NUj . 
and |Ruj ). 

The purpose of this paper is to study the value distribution of the hyperbolic 
Gauss maps of flat fronts in H 3 . In Section 1, we recall the definition and some 
fundamental properties of flat fronts in Ti 3 . In particular, we review a construction 
of complete flat fronts via a given pair of hyperbolic Gauss maps, and consider 
a Osserman-type inequality for this class. In Section 2, we give an estimate for 
the totally ramified value number of the hyperbolic Gauss maps of complete flat 
fronts in H 3 (Theorem 12. 2j) . This estimate is effective in the sense that the lower 
bound which we obtain is described in terms of geometric invariants. We remark 
that this estimate is similar to the ramification estimate for the Gauss maps of 
complete minimal surfaces in Euclidean 4-space R 4 ( [Fuj . }HO| . |Ka2| ). Moreover, 
as a corollary of this estimate, we give the upper bounds for the number of ex- 
ceptional values of them in some topological cases. Furthermore, we consider the 
Fujimoto-Hoffman-Osserman problem for this class, that is, the problem of finding 
the "common" maximal number of exceptional values of the hyperbolic Gauss maps 
for complete fiat fronts in TL 3 . In Section 3, we investigate examples of complete 
flat fronts in T-L 3 from the viewpoint of value distribution of the hyperbolic Gauss 
maps and give some new examples of complete flat fronts in Ti 3 . 

The author would like to thank Professors Ryoichi Kobayashi, Masatoshi Kokubu, 
Pablo Mira, Reiko Miyaoka, Junjiro Noguchi, Wayne Rossman, Masaaki Umehara 
and Kotaro Yamada for their useful advice. 

1. Preliminaries 

In this section, we briefly recall definitions and some basic facts about flat fronts 
in H 3 . For details, we refer the reader to jGMMj . jKRUYlj . IKKI Y2I. I K I V 1 1 and 
[KUY2] . 

Let Kf be the Lorentz-Minkowski 4-space with the Lorentz metric 

(1.1) ((x ,Xl,X2,X 3 ), (yO,J/l,J/2,J/3)) = -Xol/0 + XlVl + X21J2 + X3I/3 ■ 

Then the hyperbolic 3-space is given by 

(1.2) Ti 3 = {(x ,x 1 ,X2,x 3 ) e K? I - (.T ) 2 + {xif + (x 2 ) 2 + {x 3 ) 2 = -l,x > 0} 

with the induced metric from Rf, which is a simply connected Ricmannian 3- 
manifold with constant sectional curvature —1. We identify Rf with the set of 
2x2 Hermitian matrices Hcrm(2)= {X* = X} (X* := t JC) by 

(1.3) (x ,x 1> X2,x 3 )^^ xi _. X2 xq _ x3 ), 

where i = v— T . With this identification, H 3 is represented as 

(1.4) H 3 = {aa* \ a e SL(2, C)} 
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with the metric 

(X,Y) = -- trace {XY), (X,X) = -det(X), 

where Y is the cofactor matrix of Y. The complex Lie group PSL(2, C) := 
SL(2, C)/{±id} acts isometrically on T-L 3 by 

(1.5) H a 3 X i — ► aXa* , 

where a € PSL(2,C). 

Let M be an oriented 2-manifold. A smooth map / : M — > Ti 3 is called a front 
if there exists a Legendrian immersion 

Lf. M ^T*H 3 

into the unit cotangent bundle of H 3 whose projection is /. Identifying T^Ti 3 with 
the unit tangent bundle T\H 3 , we can write Lf = (/, i/), where f(p) is a unit 
vector in Tf^yH 3 such that (df(p),v{p)) = for each p € M. We call a unit 
normal vector field of the front /. A front may have singular points (i.e., points of 
rank(df) < 2). A point which is not singular is said to be regular, where the first 
fundamental form is positive definite. 

The parallel front ft of a front / at distance t is given by ft(j>) = E X P/( P ) 
where "Exp" denotes the exponential map of V? . In the model for W 3 as in (|1.2|) . 
we can write 

(1.6) ft = (coshi)/ + (sinht)i/, vt = (coshf)^ + (sinht)/ , 

where vt is the unit normal vector field of ft. 

Based on the fact that any parallel surface of a flat surface is also flat at regular 
points, we define flat fronts as follows: A front /: M — > H 3 is called a flat front 
if, for each p <G M, there exists a real number t g K such that the parallel front 
ft is a flat immersion at p. By definition, {ft} forms a family of flat fronts. We 
remark that an equivalent definition of flat fronts is that the Gaussian curvature of 
/ vanishes at all regular points. However, there exists a case where this definition 
is not suitable. For details, see [KUY2|, Remark 2.2]. 

We assume that / is flat. Then there exists a (unique) complex structure on M 
and a holomorphic Legendrian immersion 

(1.7) £f.M-> SL(2, C) 

such that / and Lf are projections of £/, where M is the universal covering of M. 
Here, holomorphic Legendrian map means that £j 1 d£f is off-diagonal (see jGMM] . 
[KUY1] . |KUY2| ). We call £f the holomorphic Legendrian lift of /. The map / 
and its unit normal vector field v arc 

(1.8) f = £f£* f , u = £ f e 3 £l e 3 = 
If we set 

(1-9) £ 7^f=(l o) 
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the first and second fundamental forms ds 2 = (df, df) and dh 2 = — (df, dv) are given 

by 

ds 2 = \u + 9\ 2 = Q + Q + (\uj\ 2 + \9\ 2 ), Q = uj9 

(1.10) dh 2 = \9f-\ujf 

for holomorphic 1-forms u> and 9 on M, with \cu\ 2 and \9\ 2 well defined on M 
itself. We call to and 9 the canonical forms of /. The holomorphic 2-diffcrential Q 
appearing in the (2, 0)-part of ds 2 is defined on M , and is called the Hopf differential 
of /. By definition, the umbilic points of / equal the zeros of Q. Defining a 
meromorphic function on M by 

(1.11) p=-, 

to 

then \p\ : M — > [0, +oo] is well-defined on M, and p € M is a singular point if and 
only if |/>(p)| = 1. 

Note that the (1, l)-part of the first fundamental form 

(1.12) *?,i = H 2 + l fl l a 

is positive definite on M because it is the pull-back of the canonical Hermitian 
metric of SL(2, C). Moreover, 2ds\ x coincides with the pull-back of the Sasakian 
metric on T*H 3 by the Legendrian lift Lf of / (which is the sum of the first 
and third fundamental forms in this case, see [KUY21 Section 2] for details). The 
complex structure on M is compatible with the conformal metric ds\ 1 . Note that 
any flat front is oricntablc ( KRUY1, Theorem B]). In this paper, for each flat 
front /: M — > "H 3 , we always regard M as a Riemann surface with this complex 
structure. 

The two hyperbolic Gauss maps are defined by 

(1.13) G = ir-' G * = w 1 > where £ f = ( E ij)- 

By identifying the ideal boundary of V? with the Riemann sphere CU {oo}, the 
geometric meaning of G and G» is given as follows ( [KRUY21 Appendix A], |Ro| ) : 
The hyperbolic Gauss maps G and G* send each point p £ M to the terminal 
points G(p) and G*(p) in the two oppositely-oriented normal geodesies of W 3 
that starting f(p). In particular, G and G* arc meromorphic functions on M and 
parallel fronts have the same hyperbolic Gauss maps. The transformation £f n- a£f 
by a = (fflij)*j'=i,2 G SL(2,C) induces the rigid motion / h-> afa* as in (|1.5p and 
the hyperbolic Gauss maps G and G* change by the Mobius transformation: 

(1.14) G^a*G= — , G*^a*G* = — . 

a 2lG + 022 02lG» + 022 

Bere, we remark on the interchangeability of the canonical forms and the hyper- 
bolic Gauss maps. The canonical forms (uj,9) have the [/(l)-ambiguity (u),6) H> 
(e ls w, e~ zs 9) (s G R), which corresponds to 

e is/2 Q 

e~ ls l 2 



(1.15) S f ^ £ f 



For a second ambiguity, defining the dual £j of £f by 
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then £y is also Legendrian with / = £f£j ■ The hyperbolic Gauss maps G\ G\ 
and canonical forms u>\ 9^ of satisfy 

G* = G*, G\ = G, J*=Q, 9^=lu. 

Namely, the operation \\ interchanges the roles of ui and 9 and also G and G* . 

Kokubu, Umehara and Yamada gave a representation formula of flat fronts in 
H 3 for a given pair of hyperbolic Gauss maps (G, G*). 

Theorem 1.1 ( [KUYlj . |KUY2j ) . Let G and G* be nonconstant meromorphic 
functions on a Riemann surface M such that G(p) ^ G*{p) for all p <G M. Assume 
that 

(1-16) / € 

for every cycle 7 € Hi (M, Z) . Set 

dC 

(1.17) £(*)=c-exp ' 



, G — G* 



where zq € M is a reference point and c G C\{0} is an arbitrary constant. Then 

G/t eG*/(G-G*) 



(1.18) £ = 



ve e/(G-G,) 



is a nonconstant meromorphic Legendrian curve defined on M in PSL(2, C) whose 
hyperbolic Gauss maps are G and G*, and the projection f = ££* is single-valued 
on M . Moreover, f is a front if and only if G and G» have no common branch 
points. Conversely, any non-totally-umbilic flat front can be constructed this way. 

Throughout this paper, we call the condition (|1.16p the period condition. The 
canonical forms uj, 9 and the Hopf differential Q of / in Theorem 11.11 arc given by 

(1-19) LJ = ~dG, 9=—^—,dG„ Q = __ dGdG * 



e ' (G-G,) 2 ' ^ (G-G*) 2 ' 

It is clear that there does not exist a fiat front in H 3 both of whose hyperbolic 
Gauss maps are constant. 

Remark 1.2. Kokubu, Umehara and Yamada obtained another construction of 
meromorphic Legendrian curves in PSL(2,C). For details, see |KUY1| . 

A front / : M — > T~L 3 is said to be complete if there exists a symmetric 2-tensor 
T such that T = outside a compact set G C M and ds 2 + T is a complete metric 
of M. In other words, the set of singular points of / is compact and each divergent 
path has infinite length. 

Theorem 1.3 ([Hu], [GMMj . |KUY2j ). Let M be an oriented 2-manifold and 
f : M —> Ti 3 a complete flat front. Then M is biholomorphic to M~\{p±, . . . ,Pk}, 
where M 7 is a closed Riemann surface of genus 7 and pj £ M 7 (j = l,...,fc). 
Moreover, the Hopf differential Q of f can be extended meromorphically to M 1 . 

Each puncture point pj (j = 1, • • • , k) is called an end of /. Galvez, Martinez and 
Milan studied complete ends of flat surfaces in V? . The following fact is essentially 
proven in jGMMj . 
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Lemma 1.4 ( GMM] . |KUY2j ) ■ Let p be an end of a complete flat front. The 
following three conditions are equivalent: 

(1) The Hopf differential Q has at most a pole of order 2 at p. 

(2) One hyperbolic Gauss map G has at most a pole at p. 

(3) The other hyperbolic Gauss map G* has at most a pole at p. 

If an end of a flat front satisfies one of the three conditions above, it is called a 
regular end. An end that is not regular is called an irregular end. An end p is said 
to be embedded if there exists a neighborhood U of p € M 7 such that the restriction 
of the front to U\{p} is an embedding. 

Lemma 1.5 ( KUY2 ). The two hyperbolic Gauss maps take the same value at a 
regular end of a complete flat front, that is, G{p) = G*(p) if p is a regular end. 

By the lemma above and investigation of embedded regular ends of complete flat 
fronts, Kokubu, Umehara and Yamada showed the following global properties of 
complete flat fronts. 



Theorem 1.6 ( |KUY2j . Theorem 3.13). Let f : M 7 \{pi, . . . ,p k } -> U z be a com- 
plete flat front whose ends are all regular. Then 



where d is the degree of G considered in a map on M 7 [if G has essential singu- 
larities, then we define d = oo) and d» is the degree of G* considered as the same 
way. Furthermore, equality holds if and only if all ends are embedded. 

We remark that this inequality is an analogue of the Osserman inequality for 
algebraic minimal surfaces in R 3 ( |Oslj . |Os2j ). 

2. An effective estimate for the totally ramified value number of 



We first recall the definition of the totally ramified value number of a meromor- 
phic function on a Riemann surface. 

Definition 2.1 (Nevanlinna |Ne] ) . Let M be a Riemann surface and h a mero- 
morphic function on M. We call b £ C U {oo} a totally ramified value of h when at 
all the inverse image points of 6, h branches. We regard exceptional values also as 
totally ramified values. Let {ai, . . . , a ro , b\, . . . , 6; } G C U {oo} be the set of all to- 
tally ramified values of h, where aj (J = 1, . . . , ro) are exceptional values. For each 
Oy, set Vj = oo, and for each bj, define vj to be the minimum of the multiplicities 
of h at points h^ 1 ^^). Then we have Vj > 2. We call 



d + d* > k, 
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the totally ramified value number of h. 



We next give an effective estimate for the totally ramified value number of the 
hyperbolic Gauss maps of complete flat fronts in H 3 . 
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Theorem 2.2. Let f : Af 7 \{pi, . . . ,Pk} T~L 3 be a complete flat front. If the two 
hyperbolic Gauss maps G and G* are nonconstant and vq > 2 and VQ t > 2, then 
we have 

, . 1 1 k 



v G -2 v G , - 2 _ 27 - 2 



Note that the right hand side of the inequality (|2.1|) is described in terms of only 
topological data on M = Af 7 \{pi, . . . that is, no data of the degrees of the 

hyperbolic Gauss maps is used. 

Proof. If / has an irregular end, then G or G* has an essential singularity there. 
By the big Picard theorem, we get vq < 2 or i/q, < 2. Thus we only need to 
consider the case where all ends are regular. Assume that G is nonconstant and 
omits ?*o values. Let d be the degree of G considered as a map on Af 7 and let no 
be the sum of branching orders at the inverse image of these exceptional values of 
G. Then we have 

(2.2) k > dr Q - n . 

Let 61, . . . , bi be the totally ramified values which are not exceptional values. Let 
n r be the sum of branching orders at the inverse image of bi (i = 1, . . . , la) of G. 
For each bi, we denote 

vi = minQ-i(t,.) {multiplicity of G(z) = &;}, 

and then the number of points in the inverse image G _1 (6j) is less than or equal to 
djv{. Thus we have 

(2.3) dl - n r < V — . 



This implies 
(2.4) 



^0 1 



1 V i 
i—l 



Let no be the total branching order of G on Af 7 . Then applying the Riemann- 
Hurwitz theorem to the mcromorphic function G on Af 7 , we obtain 

(2.5) n G = 2(d + 7-l). 

Thus we get 

mm , vVi 1 A. ^ n ° + k , n r ^ n G + k 2 7 - 2 + k 

(2 - 6) ^ = ro + y{ 1 -vJ-^ + Y-^- 2+ — d — ■ 

Similarly, we get 

(2.7) , .< 2 + ?I_^, 
Here we assume that vq > 2 and i^c. > 2. Then we have 

(2.8) ^> - , 1 > d * 



^ G -2 - 27-2 + £;' v G , - 2 ~ 27 - 2 + fc 
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Combining these inequalities and Thcorcm ll.61 we deduce that 

, N 1 1 d+d* k 
2.9 h > > 



v G -2 u G , - 2 - 27 - 2 + £; ~ 27 - 2 + fc 

□ 

As a corollary, we can get the upper bounds for the number of exceptional values 
of the hyperbolic Gauss maps of complete flat fronts in Ti 3 in some topological cases. 
Here, we denote by Dq and Dg, the number of exceptional values of G and G*, 
respectively. 

Corollary 2.3. For complete flat fronts in T-L 3 , we have the following: 

(i) There does not exist a complete flat front with 7 = 0, p > 4 and q > 4. 

(ii) There does not exist a complete flat front with 7 = 1, p > 5 and q > 5. 

Proof. When 7 = 0, Dq > 2 and Dg, > 2, from the inequality (|2.1|) , we have 

1 1 Jfe 

> -; ^ > 1. 



£> G - 2 flg, - 2 - k - 2 
On the other hand, if 7 = 0, Dq > 4 and Dg, > 4, then it holds that 

1 1 



< 1 



D G -2 D G ,-2 

Therefore, if 7 = 0, Dq > 4 and Dq, > 4, then both G and G* are constant, so 
there does not exist such a front. Hence we obtain (i). In the same way, when 
7=1, Dq > 2 and Dg, > 2, we have 

1 >1. 



D G -2 D G . -2 
On the other hand, if 7 = 1, Dg > 5 and Dg, > 5, then we get 

1 1 



< 1 



D G - 2 D G , -2 

Therefore we obtain (ii). □ 

Finally, we consider the Fujimoro-Hoffman-Osserman problem, that is, the prob- 
lem of finding the common maximal number of the exceptional values of two hy- 
perbolic Gauss maps of complete flat fronts in H 3 . We remark that the common 
maximal number of the exceptional values of the Gauss maps g\ and gi of non- 
flat complete minimal surfaces in M 4 is "4", that is, D gi = D g2 = 4 ([Fu], [HO] 
and Q\;i2 :. By Corollary 12.31 if 7 = 0, then the common maximal number of 
exceptional values of two hyperbolic Gauss maps is "3", that is, Dg = Dg, = 3. 
Moreover, if 7 = 1, then the common maximal number of exceptional values of two 
hyperbolic Gauss maps is "4", that is, Dq = Dg, = 4. Then we get necessary 
conditions for the existence of complete flat fronts whose hyperbolic Gauss maps 
have the common maximal number of exceptional values. 

Corollary 2.4. Let f : M 7 \{pi, . . . ,pk} — > H 3 be a complete flat front. 

(i) 1/7 = and D G = D G , = 3, then k > 4 . 

(ii) 7/7=1 and Dg = Dg, = 4, then all ends are regular and embedded. 
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Proof. When 7 = 0, by the inequality (|2.1|) . we have 



1 1 k 

> 



D G - 2 D G , - 2 - k-2 
Moreover, if Do = 3 and Do, = 3, then we have 

1 1 



= 2. 



D G -2 D G , - 2 
Therefore, for this case, we get the following inequality: 

< 2 . 

k-2 ~ 

Thus we obtain (i). Next we prove (ii). When 7 = 1, by (|2.9p . we get 

1 1 d + d* 

> — — > 1 . 



Do — 2 D G , - 2 ~ fc 
Moreover, if Do = 4 and Dq, = 4, then we have 

1 1 



= 1 



D G - 2 D G , - 2 
Therefore, we can get the following equality: 

d + d* = k . 

By virtue of Theorem. il. 61 all ends arc regular and embedded in this case. □ 



3. Examples of complete flat fronts from the viewpoint of value 
distribution of the hyperbolic gauss maps 

In the first half of this section, we investigate examples of complete flat fronts in 
from the viewpoint of the value distribution of the hyperbolic Gauss maps. 

Example 3.1 (Example 4.1 of |KUY2j ). We set M = CU {00} and consider a 
pair (G, G*) of meromorphic functions on Mq given by G(z) = z and G*(z) = az, 
for some constant a E R\{1}. We define M by M = Mq\{0} for the case where 
a = and M = Mo\{0, 00} for the case where a / 0, respectively. By Theorem 
11.11 we can construct a flat front f:M—> r H? whose hyperbolic Gauss maps are G 
and G*. Indeed we can easily see that M and (G, G») satisfy the period condition 
and these data give a Legendrian immersion £ f of / 

I z -a/(l-q) caz l/(l-<*) ^ 

c 1 — a 

z -l/(l-a) cz a/{l-a) 
V C 1 - a J 

Moreover, the canonical forms w and 9 and the Hopf differential Q of / is given by 

u; = -\z- 2 /^- a Uz, 9= , C2a ^ z 2a /^dz, Q = --^— z - 2 dz 2 . 
cr (1 — aj z (1 — a) z 

Thus / is complete. For the case where the hyperbolic Gauss maps G and 

G* of / have the same exceptional values and 00, that is, Do = Do, = 2. For 
the case where a = 0, G has one exceptional value and G* is constant. Note that 
/ is a horosphcrc if a = 0. 



(3.1) £ f 



for some constant c . 
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Wc remark that horosphcres can be characterized by the hyperbolic Gauss maps 
as follows: 

Theorem 3.2 (Proposition 4.2 of KUY2.). If one of the two hyperbolic Gauss 
maps of a complete flat front in % 3 is constant, then it is a horosphere. 

Wc have not found a complete flat front whose two hyperbolic Gauss maps have 
the common maximal number of exceptional value, for both 7 = and 7=1. 
However, there exists a complete flat front of genus with (Dg, Dq,) = (3, 2). 

Example 3.3 (Theorem 4.4 (hi) of |KUY2| b There exists a complete flat front 
f:M = C\{0, 1} — > H 3 whose hyperbolic Gauss maps are 

(3.2) (G,G*) = (z,z 2 ). 

In particular, Dq = 3 and D@ t = 2 and all ends are regular and embedded. 

In the latter half of this section, we give some new examples of complete flat 
fronts in H 3 . We first give an example of genus with 4 regular embedded ends 
and (v G , v G J) = (3, 2). 

Proposition 3.4. There exists a complete flat front f:M = C\{0,±1} — > Ti 3 
whose hyperbolic Gauss maps are 

(3.3) (G,G*)= (z 2 ,^^-) (aeH\{0,±l}). 

\ az + 1 J 

In particular, uq = 3 and uq, = 2 and all ends are regular and embedded. 

Proof. By a straightforward computation, we see that 

dG 2(o-J+l) 
= (i.z 

G-G, a(z + l)(z-l) ' 
and it is holomorphic at z = and has poles only at z = ±l,oo. All of them are 
simple poles, with residues (l+a)/a, (o— l)/a, —2, respectively. By the condition on 
a, these residues are real. Thus these data satisfy the period condition. Moreover, 
we can clearly see that G and G* take the same values at z = 0, ±1, 00 and have no 
common branch points. By Theorem ll.il we can construct a flat front /: M — > Ti 3 
whose hyperbolic Gauss maps arc (|3.3|) . 

On the other hand, the canonical forms u> and of / are given by 

u = -4z(2+l)~ 2(a ~ 1)/a (^-l)~ 2(a+1)/a dz, 9 - ^rz~ 2 (z+l)~ 2 / a (z-l) 2 / a (az 2 +2z+a)dz . 
c 1 a 2 

Furthermore, the Hopf differential of / is given by 

2(az 2 + 2z + a) 2 
W a 2 z(z+l) 2 (z-l) 2 ' 
Thus Q has poles only at z = 0, ±1, 00 with 

(ord Q, ordiQ, ord^Q, ordooQ) = (-1, -2, -2, -1). 

Hence / is complete. 

All ends of / are regular and embedded because / satisfies equality in the equa- 
tion in Theorem 11.61 One hyperbolic Gauss map G has three exceptional values 
0, 1, 00. The other hyperbolic Gauss map G* has one exceptional value and 
two totally ramified values. Therefore, we see that ^0 = 1 + 1 + 1 = 3 and 
v G , = 1 + (1/2) + (1/2) = 2. □ 
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Remark 3.5. By virtue of Theorem 11.61 if a complete flat front has 4 embedded 
regular ends, then (d, d*) = (1,3), (2, 2) or (3, 1). By Example 4.5 of |KUY2j and 
Proposition 13.41 we see that there exists an example for any of the cases where 
d + d* = 4. 

We next give an example of a complete flat front of genus with (d, d*) = (3, 2) 
and 5 regular embedded ends. 

Proposition 3.6. There exists a complete flat front f:M= C\{0, 1, —2, —3/2} — s- 
Ti 3 whose hyperbolic Gauss maps are 

„ z(z + 6) 



(3.4) (G,G*)=^, 2z + f . 

In particular, vq = 3 and ug, = 1 and all ends are regular and embedded. 

Proof. By a straightforward computation, we see that 
dG 3z(2z + 5) 

= (17 

G-G* (z-l)(z + 2)(2z + 3) ' 

and this is holomorphic at z = and has poles only at z = 1, —2, —3/2, oo. All of 
them are simple poles, with residues 7/5, —2, 18/5, —3, respectively. Thus these 
data satisfy the period condition. Moreover, we can easily see that G and G* take 
the same values at z = 0,1,— 2,-3/2, oo and have no common branch points. By 
Theorem 11.11 we can construct a flat front / : M — > Ti 3 whose hyperbolic Gauss 
maps arc as in (|3.4[) . 

On the other hand, the canonical forms u) and 9 of / are given by 

u = ~V(^ir 14/5 (^+2) 4 (2z+3r 36 / 5 dz, 

cr 

9 = 2c 2 z- 2 (z-l) 4 / 5 (z + 2)- 6 (2z + 3) 26/5 (z 2 + 6z + 15)dz. 
Furthermore, the Hopf differential of / is given by 

6(z 2 + 6z + 15) 2 
W (z- l) 2 (z + 2) 2 (2z + 3) 2 
Thus Q has poles only at z = 1, —2, —3/2 with 

(ordiQ, ord_ 2 Q, ord_ 3/2 Q) = (-2,-2,-2). 

Hence / is complete. 

All ends of / are regular and embedded because / satisfies equality in the equa- 
tion in Theorem 11.61 One hyperbolic Gauss map G has two exceptional values 0, 
oo. The other hyperbolic Gauss map G* has two totally ramified values. Therefore, 
we see that vq = 2 and v G , = (1/2) + (1/2) = 1. □ 

Finally, we give an example of a complete flat front in H 3 of genus 1 with 5 
regular ends. Let Mi be the square torus on which the Wcierstrass p function 
satisfies 

(p') 2 = 4p(p 2 -a 2 ), a=p(l/2). 

Proposition 3.7. There exists a complete flat front f: M\\{z\ p(z)(p(z) 2 + a 2 ) = 
0} — > % 3 whose hyperbolic Gauss maps are 

(3.5) (G,G,)-' V 2 ^- 3a2 " 
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with 5 regular ends. 

Proof. For this data, a computation gives 

= dlogp. 



G 

This implies that these data satisfy the period condition. Moreover, G and G* take 
the same values on {z; p(z)(p(z) 2 + a 2 ) = 0} and have no common branch points. 
By Theorem ll.il we can construct a flat front f:M—> H 3 whose hyperbolic Gauss 
maps are (|3.5p . 

The canonical forms us, 9 and the Hopf differential Q of / are given by 

2(p 2 +a 2 ) , n _ 2(p4 + 6aV-3a4) , 2 
u> — 5—= — az, u — — ^ az, y — — ^ az 

c^p J (p^ + a 2 )^ p(p + a ) 

from which the completeness of the ends {z; p(z)(p(z) 2 + a 2 ) = 0} follows. Obvi- 
ously all ends are regular but not embedded because / does not satisfy equality in 
the equation in Theorem 11.61 Indeed, we clearly see that d = 2 and d* = 4 and 
6 = d + d* > fc = 5. □ 

Remark 3.8. There exists a complete flat front of genus 1 with (d, d*) = (3,2) and 
5 regular embedded ends |KUY2| Example 4.6]. 
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